
1

Product differentiation and product complexity

A conceptual model and an empirical application to
microcomputers

Koen Frenken

Department of Innovation Studies
University of Utrecht
k.frenken@geog.uu.nl

Paul Windrum

MERIT/International Institute of Infonomics
University of Maastricht

p.windrum@merit.unimaas.nl

Abstract: We propose a model of product technology that describes products as complex systems.
Complex systems are made out of elements that function collectively according to the way they
are put together within a system’s architecture. Different choices of elements translate into
different levels of functional attributes and price. New variations in product design occur through
mutations at the level of elements (“genotype”) while pre-market trials and market selection occur
at the level of costs and functions (“phenotype”). In this model, both vertical and horizontal
differentiation can be represented. Vertical differentiation can be understood as stemming from
the use of expensive elements in high-performance product designs. Horizontal differentiation
can occur when different, complementary combinations of elements yield mixes of functions each
of which is preferred by a different user group.

Microcomputers provide us with an interesting example of an artefact that has evolved into
different varieties through a series of component innovation and recombination (Langlois and
Robertson 1992). Databases on component characteristics of over 4000 different microcomputers
from 1992 to 1997 are analysed on product and price differentiation using entropy statistics. Data
on price allow us to distinguish between variety reflecting vertical differentiation and variety
reflecting horizontal differentiation. This distinction is of importance when one wants to
understand the diffusion of new component technologies through either product differentiation or
price differentiation. Other issues regarding modelling and measurement of complex systems are
discussed in the final section.
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1. Introduction

Innovations are generally considered as successful transformations of inventions, which meet
individual or collective needs. These innovations include changes in production processes, in
products and services, and in organisations. While the topic of process innovation has been
central in economic modelling, and the topic of organisational change in business studies,
relatively few works have been focusing on product innovation. This article is about modelling
and measuring product innovation.

Models and measurements of product innovation are important for at least three reasons. The first
reason is theoretical: process innovation and product innovation cannot always be considered as
being independent. Productivity growth in production processes also stems from product
innovations in capital equipment and intermediate inputs (Nelson and Winter 1977: 44). The
emphasis on process innovation in economic modelling is therefore rather limited to understand
the sources of productivity gains and its differences. Studies in productivity can benefit from
better insight in the determinants of product innovations. The second reason is related to
technology policy. A growing number of scholars argue that product innovations ultimately
prevent economic systems from structural unemployment (Pasinetti 1981, 1993; Edquist et al.
1998, 2000). Targeted policies that aim at enhancing product innovation can be expected to be
important to sustain long-term growth and employment. The recent emphasis on new
technologies and products in industrial policies is also evidence of at least an implicit recognition
of the importance of product innovation in capitalist economies. The third reason is concerned
with welfare and its measurement. As product innovations lead to a growing product variety and
increased product performance in products and services, these innovations contribute to welfare
as more diverse needs are served at a better quality (Lancaster 1979; Windrum and Birchenhall
1998). However, qualitative change in the composition and quality of products is poorly reflected
in national output statistics.1

Whereas process innovation has been modelled straightforwardly by improvements in the cost
efficiency in transforming inputs into a homogeneous output, an analytical approach to product
innovation requires the development of new models and concepts. We develop a system’s
perspective on product development, which is derived from more general computational models
of complex systems as these have been developed in evolutionary biology (Kauffman 1993;
Altenberg 1997). Using this model, we can understand products as being made up by elements
that interrelate in their functioning in complex ways. The important insight that is derived from an
understanding of products as complex systems holds that product innovation in one part of the
system creates malfunctionings in other parts of the system. The product’s working cannot solely
be understood from the behaviour of its parts. The complex systems model of product
development in turn informs us regarding the patterns to expect in empirical data analysis
regarding the product and price differentiation in a population of product models offered on a
market.

The paper is organised as follows. Section 2 describes a conceptual model, which is based on
Kauffman’s (1993) NK-model of complex systems and which is generalised using 
(1997) model of complex systems. Section 3 provides an analysis of complex patterns in variety

                                                       
1 This drawback of output statistics is also emphasised in discussions on the impact of ICT on economic
growth and welfare. In these debates, it is repeatedly suggested that the variety and the quality of products
and services have been greatly enhanced by the introduction of ICT, but that these welfare improvements
do not show up in current statistics (Solow 1987; Brynjolfsson 1993). However, as long as methodologies
to measure product variety and quality are lacking, the theoretical debate remains speculative.
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of elements used in 4444 computers introduced during the period 1992-1997 and shows how
these patterns can be related to price setting in PC-market. In section 4, we briefly go into product
systems that are not assembled by producers, but by consumers themselves like stereo
components in hifi-systems. Section 5 list conclusions and issues for further research.

2. Product technologies as complex systems

Though evolutionary economists have introduced many concepts that break with the framework
of neoclassical economics, they generally follow neoclassical economists in their focus on
process innovation and in their representation of technology as a coordinate in capital-labour
space (Nelson and Winter 1982; Silverberg et al. 1988). In these models, technology is
characterised by the required inputs to produce a particular output, and competition is solely
based on relative costs-efficiency. Innovation is modelled as a stochastic, but localised process
leading firms to a new coordinate in capital-labour space in the surroundings of the previous
coordinate.

An alternative approach to modelling innovation is based on a combinatorial logic (Kauffman
1993; Birchenhall 1995). New variations in technology can be modelled as “new combinations”
between element technologies in analogy with new combinations of genes in biology. The model
used here is based on the NK-model, which has been originally developed as a model of
biological evolution of complex organisms (Kauffman 1988, 1993, 1995). Recently, this model
has been used in simulation exercises concerning the optimisation of complex technological
systems by competing agents (Kauffman et al. 1998; Auerswald et al. 2000). As for neoclassical
models, these applications concerned models of process innovation, too. Here, we generalise the
model to describe product innovation using Altenberg’s (1997) extension of the NK-model.

2.1 Kauffman ’s NK-model

2.1.1 Complexity

Complex systems are systems containing elements that are interrelated within a particular
structure (Simon 1969). The evolutionary properties of complex systems have been subject of
research in theoretical biology (Monod 1971; Kauffman 1993). In biological organisms,
interdependencies among genes imply a complex relation between an organism’s genotype and an
organism’s phenotype. At the level of the genotype mutations occur that introduce new variants
in a population. At the level of the phenotype, which is the ensemble of traits that make up an
organism’s fitness, natural selection operates in terms of differential rates of reproduction.
Complexity in an organism means here that a mutation in one gene may not only change the
functional contribution of the mutated gene to the entire phenotype, but can also affect the
functional contributions of interrelated genes to the phenotype. A gene does not simply translate
into a particular trait, but operates in conjunction with other genes by regulating other genes’ state
of activity. Due to these interdependencies among genes, a mutation in a single gene may have
both positive effects on some traits and negative effects on other traits, which jointly determine an
organism’s fitness. For this reason, the existent set of genes put structural constraints on the
possible directions in further evolution: a certain phenotypic trait can only be improved by a
particular mutation when the improvement in one trait outweighs the negative by-effects of this
mutation with respect to other traits. In biology, this insight has led scholars to conclude that
natural selection cannot be expected to lead to perfectly adapted organisms (see, e.g., Kauffman
1993: 3-26).
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Technological systems have also been described as complex systems. For example, Simon
defined technologies as man-made systems which are made up of elements that collectively attain
one or a number of goals (Simon 1969 [1996]: 4; cf. Alexander 1964).2 The complexity in
designing a technological system is due to the interdependence in the working of elements that
make up the system. Therefore, the set of optimal choices for the elements with regard to
element-specific output variables may prove sub-optimal when the effects of interdependencies
between elements are taken into account. For example, tires of a car which are optimal according
to tire safety tests, may not match with a particular engine which is found to be optimal in engine
energy-efficiency tests, when put together in a car system. This can be due to negative effects of
the particular engine type on the quality of the car as a whole when combined with particular
tires, for example, caused by the vibration of the engine on the tires. There may exist an
alternative type of tires that better matches with the working of the engine type as it better deals
with vibration. In complex systems where elements function interdependently, the choice of
element cannot be made independently from the choice of other elements due to interaction
effects. Instead, the ensemble of elements has to be evaluated to analyse the overall functioning
of the system design as a whole.3

The need to evaluate the working of elements at the level of the system as a whole poses a
problem of complexity. Since the number of possible combinations between different variants of
elements is an exponential function of the number of elements, the difficulty in finding a good
system design is of a higher magnitude than finding a good element design. Simon explains
combinatorial complexity of systems containing interrelated elements using the example of a
working and a defective lock:

“Suppose the task is to open a safe whose lock has 10 dials, each with 100
possible settings, numbered from 0 to 99. How long will it take to open the safe
by a blind trial-and-error search for the correct setting? Since there are 10010

possible settings, we may expect to examine about half of these, on the average,
before finding the correct one – that is, 50 billion billion settings.” (Simon 1969
[1996]: 194)

The strategy of evaluating all possible combinations between elements is called global trial-and-
error. Contrary to complex systems, as Simon goes on explaining, simple systems that are
characterised by independency between its elements, can be optimised by local trial-and-error:

“Suppose, however, that the safe is defective, so that a click can be heard when
any one dial is turned to the correct setting. Now each dial can be adjusted
independently and does not need to be touched again while the others are being
set. The total number of settings that have to be tried is only 10 x 50, or 500.
The task of opening the safe has been altered, by the cues the clicks provide,
from a practically impossible one to a trivial one” (Simon 1969 [1996]: 194)

                                                       
2 Hughes’ (1987: 51) concept of technological system includes, apart from technical components,
organisations, scientific texts, patents, and laws. Hughes (1987: 55) does acknowledge the usefulness of
approaches that define systems solely in terms of the technical components embodied.
3 This does not imply that “the whole is greater than the sum of its parts” as will become clear from the
exposition of the NK-model. Confer Jervis (1997: 572) stating that “(i)f we are dealing with a system, the
whole is different from not greater than the sum of its parts”.
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In the latter case, each element can be optimised independently of the state of other elements. The
problem of finding the right combination of all ten elements can be decomposed in ten sub-
problems, which can be solved independently. Then, the combinatorial complexity vanishes and
the problem becomes feasible to handle. Simon’s example of the lock illustrates that optimisation
through local trial-and-error works well for non-complex systems. In the case of complex
systems, only global trial-and-error is effective in finding the optimal solution (cf. Alexander
1964 [1994]: 21).

2.1.2 The description of a complex system

The anecdotal description of complexity by Simon (1969 [1996]) can be modelled analytically by
Kauffman’s (1993) NK-model. This model of complex systems has been originally developed as
a model of biological evolution, but its formal structure allows for applications in the domain of
technological evolution through human search activity (e.g. Kauffman 1988, 1993, 1995;
Kauffman and Macready 1995; Kauffman et al. 1998; Frenken et al. 1998, 1999a; Marengo 1998;
Auerswald et al. 2000; Valente 2000)4 as well as applications in other domains.5

Kauffman describes a system by a string of N elements (n=1,…,N). For each element n, there
exist a number of dummy values called “alleles” that refer to the possible variants of this element.
The different alleles of an element are labelled by integers “0”, “1”, “2”, “3”, etc. The number of
alleles of element n is described as An  . For example, a particular vehicle technology can be
described by the following three elements and their respective alleles:

n=1 (A1=3): an engine element with three alleles: gasoline (0), electric (1), and steam (2),
n=2 (A2=2): a suspension element with two alleles: spring (0) and hydraulic (1),
n=3 (A3=2): a brake element with two alleles: block (0) and disc (1).

The absence or presence of an allele in a system such as air-conditioning (yes/no) can also be
coded by 0 and 1. Following the classification of elements and alleles each design can be labelled
by a string of alleles. For example, following the classification above, a vehicle design with a
steam engine, spring suspension and block brakes is referred to as string “200”. Each string s is
described by the alleles s1s2...sN and is part of a possibility set S, for which holds:

s ∈ S ;  s = s1s2...sN ;  sn ∈ {0,1,…,An-1} (2.1)

The N-dimensional possibility space S is called the “design space” of a technology (Bradshaw
1992). The total number of possible strings/designs is given by the number of possible
combinations between the alleles of elements. The size of the design space S is given by:

S = A1 ⋅ A2 ⋅ ….. ⋅ AN (2.2)

                                                       
4 Birchenhall (1995) and Windrum and Birchenhall (1998) developed related evolutionary models of
complex technological systems based on genetic algorithms. The important difference between the NK-
model and genetic algorithms is that the latter includes apart from mutation crossover as a variety
generating mechanism. This mechanism holds that designs are split in two parts, which are randomly
matched with parts of other designs analogous to sexual reproduction in biological evolution. The analogy
in technological evolution is that particular solutions in one design can be introduced in another design and
vice versa. Here, we limit the analysis to mutation as the variety generating mechanism.
5 For applications of the NK-model in organisation theory, see Kauffman (1995), Kauffman and Macready
(1995), Westhoff et al. (1996), Levinthal (1997), White et al. (1997), Marengo (1998), Post and Johnson
(2000).
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In the example above, the design space adds up to 3 ⋅ 2 ⋅ 2 = 8 possible designs. The
combinatorial nature of design spaces implies that its size increases exponentially for linear
increases in the number of elements N. As most technological systems contain a large number of
elements, the number of possible designs is generally very large with only relatively few designs
being actually realised materially.

The combinatorial nature of this system description requires that elements are orthogonal to one
another, i.e. that elements can be treated as dimensions. Therefore, one element of a system
cannot correspond with an allele of another element in the same system. For example, the
description of alleles of the engine element as gasoline (0), electric (1), and steam (2) implies that
the type of battery used in electric engines cannot count as another element/dimension in the
description of the vehicle. The choice for a type of battery only constitutes a dimension for
electric battery systems, which may or may not be an element again in a vehicle system. Put
another way, the choice of battery takes place at a lower level in the decision tree:

→  what kind of engine ?
→  if electric engine: what kind of battery ?

Thus, a description of a combinatorial space should therefore be such that only elements at the
same level in the hierarchical decision tree are taken into account, where each element itself may
again be described as a system in its own right (Hughes 1987: 55; Metcalfe 1995: 36).

2.1.3 Epistatic relations between elements

The dependencies between elements in a complex system are called “
(Kauffman 1993). An epistatic relation from one element to another element implies that when
the allele of the one element changes, this change affects both the functioning of the one element
itself and the functioning of the element that it epistatically affects. The ensemble of epistatic
relations within a technological system is called a technology’s internal structure (Simon 1969;
Saviotti 1996) or, as it will be called in the following, a technology’s architecture (Henderson
and Clark 1990).

Imagine, for example, the architecture of a vehicle technology containing the following three
epistatic relations between elements. The functionality of the engine depends only on the choice
of the engine allele itself. The functionality of the suspension depends on the choice of the
suspension allele itself and the engine allele. The functionality of the brake depends on the choice
of the brake allele, the suspension allele and the engine allele. The architecture of these epistatic
relations between the three elements can be represented as a matrix in figure 2-1 (Altenberg 1997).
The x-values along the columns in the matrix indicate the vector of elements functionalities that
are affected by a change in the allele of element n. The x-values along the rows indicate the
vector of elements that affect the functionality of an element n. Note that x-values are always
present on the diagonal (as indicated by the bold x) since the functioning of an element is by
definition related to the choice of allele of this element.

From this matrix, it can be derived that:
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n=1 n=2 n=3
-----------------------

 functionality n=1  x  -  -
 functionality n=2  x  x  -

functionality n=3  x  x  x

Figure 2-1: Matrix representation of an architecture

- the functionality of the first element (engine) only changes when another allele of the engine
element itself is chosen

- the functionality of the second element (suspension) changes when another allele of the engine
element and/or another when another allele of the suspension element itself is chosen

- the functionality of the third element (brake) changes when another allele of the engine element
and/or another when another allele of the suspension and/or another allele of the brake element
itself is chosen

In search for a well-working design, engineering activity can be modelled as a process of
experimentation with different combinations of alleles of elements. The design space contains all
these possible combinations of elements among that are open for experimentation. Search in this
design space is complex since the mutation of one element also affects the working of other
elements. However, it is crucial at this point to stress that the model is not restricted to this form of
experimentation. Engineering can also be directed to building a new architecture in which epistatic
relations between elements are reorganised, a type of innovation, which has been labeled
“architectural innovation” by Henderson and Clark (1990). For example, an architecture of an
automobile with the engine in the back will result in a different set of epistatic relations than an
architecture with the same engine in the front. An important question thus holds which type of
architectures favour search. To answer this question in this model, different architectures should
be compared.

The number of possible architectures increases exponentially with the number of elements that
describe a system. The size of the matrix that describes a system’s architecture equals N2. For all
cells except those on the diagonal, an epistatic relation can be either present or absent. The total
number of possible architectures Q for a system of N elements is thus given by:

)1(2 −= NN Q (2.3)

which increases exponentially for linear increases in N.

Since there exist many possible architectures of complex systems, even for systems of small size, it
is impracticable to analyse and compare the properties of all possible architectures of complex
systems. For this reason, Kauffman (1993) restricted his analysis to particular types of architectures
the property of which can be expressed in a single parameter. In his model, he used only those
architectures in which each element is epistatically affected by the same number of other elements.
The number of elements, by which each element is affected, is indicated by parameter K. These
socalled “NK-systems” are then defined as systems with N elements in which each element is
affected by K other elements. For example, the class of systems for which holds K=1 and N=3
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refers to systems containing three elements with an architecture in which the functionality of each
element depends on the allele of one other element. Importantly, though each element is affected by
one element, one element may affect more or less than one other element. In this way, different
architectures can be headed under the one parameter K. However, it should be borne in mind that
many other architectures of epistatic relations exist that do not fall under NK-systems. For example,
the architecture given in figure 2-1 does not refer to an NK-system since the elements are not
affected by the same number of other elements. The engine element is not affected by any other
element, the suspension element is affected by one element and the brake element is affected by two
elements.

2.1.4 Search in complex fitness landscapes

For systems with a given size N, the K-value can be used as a parameter to analyse the properties of
systems with different degrees of complexity by means of tuning this parameter from its lowest
value (K=0) to intermediate values (K=1,…, K=N-2) up to its maximum value (K=N-1). Using K
as a parameter allows to compare the properties of systems with different degrees of complexity
ranging from K=0 to K=N-1. Using the K-parameter, two limit cases of complexity can be
distinguished. When epistatic relations are absent, we have systems of minimum complexity (K=0)
and when all elements are epistatically related we have systems with maximum complexity (K=N-
1).

Consider the example of a system consisting of three variables, N=3, each of which has two alleles,
An=2. For a system with minimum complexity, all elements function independently from each
other, i.e. K=0 (see figure 2-2-1). In this system the functionality of an element is solely dependent
upon its own allele (here, “0” or “1”) and independent of the alleles of other variables. Following
Kauffman (1993), the functional properties of this system for each design s is simulated by drawing
a functionality or “fitness” value wn for each allele of each element n randomly from an uniform
distribution [0,1]. The fitness of the system as a whole W is calculated as the mean value of the
fitness values of elements, so we have:

)(
1

)(
1

n

N

n
n s w

N
 sW ∑

=

⋅= (2.4)

The design space of this system contains eight strings, which can be represented as coordinates in
three dimensions (a cube). Each string represents a different design with a fitness value W(s).
Figure 2-2-2 presents a simulation of fitness values for K=0. The distribution of fitness values for
different designs s in the design space is called a “fitness landscape”, a concept introduced by
Wright (1932) in biological theory. The landscape metaphor implies that fitness values that are
higher than all fitness values of neighbouring strings can be considered a “peak”. For a string that
corresponds to a peak, it holds that neighbouring strings that have a different allele for one
element, all have a lower fitness value.

The shape of the fitness landscape structures the path of trials and error. Analogous to mutation in
biology, a new design is chosen by changing the allele of one element. The value of this element
changes from 0 to 1 or vice versa. A trial thus implies that one moves along one dimension in the
cube from one string to a neighbouring string and on the fitness landscape from one fitness value
to a neighbouring fitness value. Trial-and-error proceeds by evaluating how W is affected by this
mutation. If the trial turns out to increase W, firms continue the next mutation from this string,
while a lower W induces a firm to return to the previous string, and continue the next mutation from
there. In a fitness landscape, local trial-and-error thus implies that as long as there exist at least one



9

neighbouring string that has a higher fitness, search will continue. Search halts when a peak string is
found that can no longer be improved by means of a mutation in any one element. Search can thus
be considered as an “adaptive walk” over a fitness landscape towards a “peak”, and search will only
halt when a mountain peak is reached. Following the metaphor of the fitness landscape, search in
complex technological systems can be considered a process of “hill-climbing” (Kauffman 1993).

n=1 n=2 n=3
-----------------------

 w1  x  -  -
 w2  -  x  -

w3  -  -  x

Figure 2-2-1: Architecture of N=3-system with K=0

Figure 2-2-2: Simulation of a fitness landscape of a N=3-system with K=0

Local trial-and-error in problem-solving on a fitness landscape is formally equivalent to mutation
and selection in biological evolution (Simon 1969). Imagine all organisms in a population to have
the same genotype described by string 000 and that a new variation is generated by a mutation in
the first gene leading to 100. In the simulation, this mutation increases the organism’s fitness with
from 0.53 to 0.70. As W(100) > W(000), organisms with genotype 100 will reproduce at a faster
rate than organisms with genotype 000. After a sufficiently long period of selection, the population
will be completely dominated by organisms that have the new string of genes 001, and the next
mutation will occur in an organism with genotype 100. If the fitness of string 001 would have been
lower than string 000, organisms with genotype 100 would have reproduced at a slower rate than
organisms with genotype 000, and consequently, string 001 will be selected out of the population.
The next mutation would then have occurred again in an organism with genotype 000.6 Consider

                                                       
6 Selection in terms of genotypes’ shares in the population can be modelled using Fisher’s equation, which
states that reproduction rates of genotypes are proportionate to their fitness relative to the mean (Fisher
1930).

 001
(0.43)

 010
(0.63)

  100
 (0.70)

  101
(0.60)

  110
  (0.80)

 000
(0.53)

 011
(0.53)

 111
(0.70)

W

0.53
0.43
0.63
0.53
0.70
0.60
0.80
0.70

w   3

0.8
0.5
0.8
0.5
0.8
0.5
0.8
0.5

w 1

0.2
0.2
0.2
0.2
0.7
0.7
0.7
0.7

w  2

0.6
0.6
0.9
0.9
0.6
0.6
0.9
0.9

000:
001:
010:
011:
100:
101:
110:
111:
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now a designer that starts searching from design 000, and randomly picks the first element to be
changed from 0 to 1 thus moving from 000 to 100 in the fitness landscape. Since the technology’s
functionality is improved, the next mutation will start from the newly found design 100. If the
fitness of design 001 would have been lower than design 000, the trial would be rejected and the
next mutation would then have occurred again in design 000.

The important feature of fitness landscapes of K=0 systems holds that the fitness value of an allele
of an element wn (sn) is the same for all configurations of alleles of other elements. The functioning
of an element is independent from the choice of allele for other elements. Therefore, the individual
elements can be optimised independently through local trial-and-error. A series of random
mutations in one element at the time will lead the designer to the optimum system design 110, no
matter at which string a designers starts searching the fitness landscape.7

In the case of maximum complexity (K=N-1), the functioning of an allele of an element depends
upon the choice of the alleles of all other elements (see, figure 2-3-1). This implies that the fitness
value of a particular allele of an element is different for different configurations of alleles of other
elements. To simulate the fitness landscape of this system, the fitness value of an allele of an
element is randomly drawn for each possible configuration of alleles of other elements. An example
of a fitness landscape of an N=K-1-system is given in figure 2-3-2. Contrary to K=0 systems, this
fitness landscape contains two evolutionary optima. String 100 is a global optimum since it is the
highest fitness value of all strings, while string 010 is a local optimum since fitness of this string is
higher than it’s the fitness of its neighbouring strings, but lower than the fitness of the global
optimum. For both global and local optima it holds that they cannot be improved by mutating a
single element. The difference holds that a global optimum is the optimal solution, while local
optima are sub-optimal solutions.

Fitness landscapes of complex systems with epistatic relations between elements are characterised
by the existence of multiple optima. In the case that several optima exist, Kauffman (1993) speaks
of “rugged” fitness landscapes containing several peaks. This means that local trial-and-error search
on rugged landscapes can end up in several optima. Contrary to systems with no complexity (k=0),
local trial-and-error in complex systems does no longer automatically lead to the optimal solution as
one runs the risk op ending up in a local optimum instead of the global optimum.8

The NK-model illustrates the general insight that a mutation in one element may improve the fitness
value of some elements, but can create “technological imbalances” in other elements (Rosenberg
1969; Hughes 1987). The net result may either be a gain in fitness in which case search will
continue from the newly found string, or a loss in fitness in which case search will start again from
the previous string. Since, in general, several local optima exist in complex systems a designer can
end up in different local optima depending on the starting point in the landscape and the particular
sequence of mutations that follow. Search is “path-dependent” on the initial starting point of search
and the sequence of searches that follow. By contrast, local trial-and-error in systems with no
complexity (K=0) is path-independent as the global optimum is the only optimum, and any search
sequence finally ends up in this optimum.9 An example of path-dependency in the simulation
                                                       
7 This case corresponds to Simon’s example of a defective lock quoted in section 2.1. The solution of this
defective lock can be found by evaluating the different alleles for each dial separately. Also note that in
Simon’s example all strings have zero fitness in the landscape except for the solution string, which has fitness
one.
8 In the context of technological evolution, this has been stressed, among others, by Alchian (1950: 219)
and Simon (1969 [1996]: 46-47).
9 Path-dependency in the NK-model is different from path-dependency in models of network externalities
(Arthur 1989). The term path-dependency in the NK-model refers to the path of an individual designer
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example is when search starts from string 001 and the first mutation leads to string 000, and the
second mutation to string 100. The resulting solution 100 would be optimal. However, when search
starts again in 001, but the first mutation leads to 011, the next mutation will inevitably lead to the
sub-optimal solution 010.10

Of course, in small design spaces, such as the eight possible designs in the example, designers can
always escape local optima by simply evaluating the fitness of all eight designs. For larger systems,
exhaustive search becomes very expensive since the size of the design space increases
exponentially with N. Exhaustive search then becomes inefficient as the search costs no longer
outweigh the marginal improvement in fitness of a global optimum over a local optimum (Frenken
et al. 1998, 1999a).

n=1 n=2 n=3
-----------------------

 w1  x  x  x
 w2  x  x  x

w3  x  x  x

Figure 2-3-1: Architecture of N=3-system with K=2

Figure 2-3-2: Simulation of a fitness landscape of a N=3-system with K=2

                                                                                                                                                                    
moving within a possibility space ending up in a locally optimal string. In models of network externalities
path-dependency refers to the sequence of agents adopting a technology where each new adopters increases
the fitness value of a technology, which leads to a lock-in. The different terms can be distinguished by
referring to microscopic path-dependency in the NK-model as it deals with an individual designer and
macroscopic path-dependency as it deals with a collection of agents.
10 Design can escape the sub-optimal solution by mutating several elements at the time. In the example, the
sub-optimal string 010 can be left by mutating both the first and second elements at the time. This two-
element mutation can be thought of as a jump in the fitness landscape from the sub-optimal peak to the
optimal peak. Trial-and-error procedures that are not restricted to one-element mutation are discussed
Frenken et al. (1999a).

 001
(0.40)

 010
(0.70)

  100
 (0.73)

  101
(0.30)

  110
  (0.60)

 000
(0.43)

 011
(0.47)

 111
(0.43)

W

0.43
0.40
0.70
0.47
0.73
0.30
0.60
0.43

w   3

0.7
0.8
0.6
0.3
0.8
0.4
0.4
0.1

w 1

0.5
0.2
0.7
0.6
0.9
0.2
0.5
0.4

w  2

0.1
0.2
0.8
0.5
0.5
0.3
0.9
0.8

000:
001:
010:
011:
100:
101:
110:
111:
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Complex systems with rugged fitness landscapes characterise the existence of trade-offs between
the functioning of different elements. Epistatic relations pose “conflicting constraints” on the
optimisation of elements (Kauffman 1988, 1993, 1995). The various elements of a technology
function in different degrees in different local optima. In the simulation of figure 2-3-2 optimum
100 is characterised by w1>w2 , w1>w3 , w2<w3 and optimum 010 is characterised by w1<w2 ,
w1>w3 , w2>w3 . In this simulation, the trade-off turns out to be between optimising the functioning
of the first element and third element at the expense of the second element (string 100) and
optimising the second element at the expense of the first and third element (string 010).

2.2 Altenberg ’s generalised NK-model

The NK-model is based on the idea that each element in a system performs an “own” sub-
function within the system with regard to the attainment of one overall function on which
selection operates (Kauffman 1993: 37). Each element n is conceived to have a particular fitness
value wn that reflects its functional contribution to the system as a whole. The fitness of the
system as a whole is derived as the average of the fitness of individual elements.

In the context of technological evolution, Kauffman et al. (1998) and Auerswald et al. (2000)
used the NK-model to model process technologies, or, as they call it, “production recipes”. Each
recipe consists of N “operations” to produce a particular homogeneous output. For each operation
n there exist An alleles that refer to a set of discrete choices for this operation. Each string then
refers to a production recipe, i.e. a particular organisation of the production process. The overall
fitness W of a particular string refers to the labour efficiency of a particular recipe.

In these models, it is also assumed that the capital-labour ratio is constant (neutral technological
progress). This specification corresponds to the model of Arrow (1962) in that the efficiency of
process technologies in producing a homogeneous output is expressed in labour-efficiency. The
novelty in the model concerns the existence of epistatic relations between pairs of operations,
which render the labour-efficiency of an individual operation dependent on the choice of other
operations. Firms can therefore not simply choose the optimal process technology as it is assumed
in the original neoclassical model of the production function. Instead, they are hill-climbing the
fitness landscape by experimenting with different combinations of operations through trial-and-
error and run the risk of ending up in a locally optimal combination of operations.

Though the NK-model fits the framework of models of process technologies, it is argued here that
the application of the NK-model to an individual product technology as a car or an aircraft is
limited. The NK-model is restricted to the analysis of technological systems, the fitness W of
which refers to a single selection criterion (in the example above, labour-efficiency). The
individual fitness values of elements wn refer to the performance of individual elements regarding
their sub-function in relation to the attinment of one overall function of the system as a whole.
This specification is based on the idea that each element n performs an “own” sub-function within
the system, but the degree in which this function is realised wn , depends on the choice of alleles
of K elements with which it is epistatically related. This system description falls short for systems
that have elements that affect multiple functions of a system. For example, an epistatic effect of
the vehicle’s tires on a vehicle’s engine renders the engine’s fuel-efficiency dependent on both
the choice of allele of the tire element and the choice of allele of the engine element. And, an
epistatic effect of a vehicle’s tires on a vehicle’s suspension renders the car’s safety dependent on
both the choice of allele of the tire element and the choice of allele of the suspension element. In
this example, the tire element affects two selection criteria of a car, and it cannot be said to have
one “own” function.
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A generalised model of complex systems described by N elements and F functions is needed to
deal with systems that are selected on multiples functional characteristics. This model has been
developed by Altenberg (1997) in the context of biology, and will be used here as a model of a
complex product technology.

2.2.1 Genotype-phenotype map

Altenberg (1997) developed a generalised model of complex biological organisms, which can be
used to model a complex product technology. Altenberg’s generalisation of the NK-model
provides a model of complex systems containing N elements (n=1,…,N) and F functions
(f=1,…,F). In biological systems, for which Altenberg’s generalised NK-model was conceived,
an organism’s N genes are the system’s elements and an organism’s F traits are the selection
criteria. The string of genes constitutes an organism’s genotype and the set of traits constitutes an
organism’s phenotype. The genotype of an organism is the level at which mutations take place
that are transmitted in its offspring. The phenotype is the level at which natural selection operates
in terms of its relative success to produce offspring. A single gene may affect one or several traits
in the phenotype and a single trait may be affected by one or several genes in the genotype. The
number of traits that is affected by a particular gene in the genotype is referred to as a gene’s

11 The number of genes that affects one particular trait in the phenotype is referred to
as a traits “polygeny” (Altenberg 1997). The structure of relations between genes and traits can be
represented in a “genotype-phenotype map”. This map specifies which traits are affected by
which genes. An example of a genotype-phenotype map of a system with three genes (N=3) and
two traits (F=2) is given in figure 2-4-1.

Analogously, a technological system can be described in terms of its N elements and the F
functions it performs. The string of alleles describes the “genotype” of a technological system,
and the list of functional attributes describes the “phenotype” of this system. Different from
process technology where fitness is expressed by a single cost criterion (process efficiency), the
fitness of product technology is expressed by some weighted sum of the levels of F attributes
(product quality). Typical quality attributes are speed, weight, comfort, safety, etc.

Quality attributes of product technologies are generally called characteristics since Lancaster
(1966) introduced this concept in economic theory. Lancaster argued that demand for a consumer
technology should be understood as demand for the bundle of service characteristics that is
embodied. Following Lancaster (1979: 17),“Individuals are not interested in goods for their own
sake but because of the characteristics they possess”.12

Where Lancaster described product technology solely in terms of the quality attributes that are
taken into account by users, Saviotti and Metcalfe (1984) proposed to describe technologies in
terms of both functional attributes and technical attributes. They speak of “technical
characteristics” that are subject of manipulation by designers and “service characteristics” that are
the selection criteria of users.13 In our model, the technical characteristics concern the elements in

                                                       
11 Matthews (1984) introduced the concept of pleiotropy in evolutionary organisation theory.
12 The application of the concept of characteristics in economic theory has not limited to agricultural and
manufactured products, but also have been applied to services (Gallouj and Weinstein 1997).
13 In the empirical framework proposed by Saviotti and Metcalfe (1984), technical characteristics and
service characteristics can refer to discrete variable as well as continuous variables, while in Altenberg’s
systems framework technical characteristics refer to elements with discrete choices for alleles, and service
characteristics refer to continuous characteristics expressing the degree of fitness with regard to a function.
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a system. These are subjects of search by designers as they experiment with different
combinations of alleles in design space. Service characteristics are the “selection criteria” of a
product technology that users take into account in their purchasing decision. Following this
conceptualisation, an artefact can be considered as the “interface” between the designer who
constructs the internal system and the user who makes use of the services it provides in particular
user contexts (Simon 1969; Andersen 1991; Saviotti 1996).

f=1         f=2

 •           •

   •  • •

n=1 n=2          n=3

Figure 2-4-1: Example of a genotype-phenotype map (N=3, F=2)

Analogous to the biological model, technical characteristics make up the “genotype” of a product
technology and service characteristics make up the “phenotype” of a technology. Following
Altenberg (1997), the product architecture of epistatic relations between elements regarding
particular functions can be represented as a genotype-phenotype map. In the example in figure 2-
4-1, epistatic relations are such that the first and second elements are epsiatically related with
regard to the first function (f=1), and the second and third elements are epistically related with
reagrd to the second function (f=2).

Each product architecture can now be represented by a matrix of size FxN, called the element-
function matrix M:

,...,Nn,,...,Ff,mM fn 11][ === (2.5)

As in the NK-model, an epistatic relation is represented by x when function f is affected by
element n and by – when function f is not affected by the element n. The matrix of the example in
figure 2-4-1 is given in figure 2-4-2.

n=1 n=2 n=3
------------------------

f=1  x  x  -
f=2  -  x  x

Figure 2-4-2: element-function matrix of genotype-phenotype map in figure 2-4-1
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Each element is assumed to affect at least one function. If an element does not serve a function it
is redundant in the (functional) description of the system. And, each function is assumed to be
affected by at least one element. When a function is not affected by any element it is zero by
definition (Altenberg 1995).

Each column in the matrix M represents an element’s pleiotropy vector, which is the subset of
functions that are affected by element n. The sum of x-values over a column n gives an element’s
pleiotropy value, which is the number of functions affecting element n. Each row in M represents
a function’s polygeny vector, which is the subset of elements that affect function f. The sum of x-
values over a row f gives the function’s polygeny value, which is the number of elements
affecting function f. Division of the sum over matrix M by the number of elements N gives the
system’s average pleiotropy and division of the sum over matrix M by the number of functions F
gives the system’s average polygeny. In the example, the pleiotropy of the first and third element
equals one and the pleiotropy of the second element equals two, and the polygeny value of both
functions equals two. In total, there exist four relations between elements and functions. Average
pleiotropy thus equals four-thirds and the average polygeny equals two.

As explained by Altenberg (1997), an NK-system is a special case of the generalised element-
function matrices. For NK-systems, it holds that the number of functions F equals the number of
elements N. In the element-function matrix, this implies that the diagonal is always characterised
by presence of a relation between element and function. Furthermore, the K-value in the NK-
model implies that each function is affected by the same number of elements. Thus, in the NK-
model the polygeny of each function is assumed to be equal to K, with pleiotropy of each element
being determined randomly (with pleiotropy being on average equal to K). Dropping these two
restrictions provides a general model of complex systems.

2.2.2 Fitness landscapes in the generalised NK-model

The way in which fitness landscape are constructed for generalised element-function matrices
follows the same logic as the original NK-model discussed in the previous section (Altenberg
1997). For each element that is mutated, all functions that are affected by this element are
assigned a new, randomly drawn value from the uniform distribution [0,1]. Total fitness is again
derived as the mean of the fitness values of all functions. We have:
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⋅= (2.6)14

A simulation of the fitness landscape example of the element-function matrix given in figure 2-4-
2 is given in figure 2-4-3 for all possible combinations between two alleles of three elements. In
this simulation, a mutation in the first allele generates a random change in w1, a mutation in the
second allele a random change in both w1 and w2, and a mutation in the third allele a random
change in w2. Since only the second element affects both functions, the existence of local optima
can only be related to different alleles of the first element (here 000 and 110). For each allele 0 or
1 of the second element, there exist an optimal set of other alleles.

                                                       
14 Other specifications of the total fitness as a function of fitness values of functions in which functions are
not weighted equally are discussed in the next section.
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Figure 2-4-3: Simulation of fitness landscape of the matrix in figure 2-4-2

2.3 Function space search in a generalised selection environment

The generalised NK-model of product technology includes systems with multiple service
characteristics. In formula 2.6 given in the previous section, the fitness of a product technology
was derived as:
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⋅= (2.7)

This formula has been specified by Altenberg (1997) to define a selection environment in order to
simulate hill-climbing on a fitness landscape. The formula specifies that each function / service
characteristic is weighted equally. However, as an empirical specification of quality of a product
technology, this formula obviously does not account for the general case in which users may
apply different weights to different service characteristics (Lancaster 1966). Generally, users do
not assign the same weight to each characteristic but rank some characteristics higher than other
ones. In that case, a designer can sequentially optimise service characteristics according to the
ranking starting from the most preferred characteristic and ending with the less preferred service
characteristic. This search strategy is called “function space search” and differs from the simple
trial-and-error search rule used in NK-models and the majority of other evolutionary models. We
will discuss this search strategy for homogeneous selection environments where all users apply
the same ranking of service characteristics, and heterogeneous selection environments where
different user groups apply different rankings of service characteristics.

2.3.1 Homogenous selection environment

Allowing for different values of weights for each service characteristic that is taken into account
by users, we get:

 001
(0.70)

 010
(0.35)

  100
 (0.55)

  101
(0.40)

  110
  (0.60)

 000
(0.85)

 011
(0.30)

 111
(0.55)

W

0.85
0.70
0.35
0.30
0.55
0.40
0.60
0.55

w 1

0.8
0.8
0.4
0.4
0.2
0.2
0.9
0.9

w  2

0.9
0.6
0.3
0.2
0.9
0.6
0.3
0.2

000:
001:
010:
011:
100:
101:
110:
111:
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A homogeneous selection environment can then be defined by some set of weights {β1, β2, … ,
βF} that is applied by all users of the technology. The case in which there exist heterogeneous
user groups that all apply a different set of weights is discussed in section 2.3.2.

The general specification of the fitness as the weighted sum of the levels of service characteristics
of a design {β1, β2, … , βF} does not alter the concept of a fitness landscape as discussed in the
previous section, but the number of local optima can be less .Different from the case in which all
characteristics are weighted equally, local optima are more likely to be characterised by high
values of the characteristics with higher weights. In the extreme case, users take only one
characteristic into account. In that case, one weight equals one and all other weights equal zero.
As a consequence, only the designs with the highest value for the service characteristic that is
weighted by one, are (global) optima in the fitness landscape.

The fitness landscapes that are constructed by the weighted sum of the values of service
characteristics, can be searched in exactly the trial-and-error manner as discussed in the previous
section. Importantly, in this generalised specification of the selection environment, an alternative
search strategy is also possible. When service characteristics have different weights, the values of
these weights can be ranked. The ranking of weights for service characteristics provide designers
with information that can be used for a heuristic search strategy, heuristic meaning here a way to
search the design space other than through random mutation (Simon 1969; Bradshaw 1992).
Designers can sequentially optimise each function according to its ranking. This kind of search
will be labelled “function space search” (Bradshaw 1992).

Moreover, changes in the preferences of users can induce innovation by designers. When
preferences change the ranking in service characteristics designers can be expected to direct
innovation to raise the value of the service characteristic that has become more important at the
cost of the characteristic that has become less important. This can be done by innovation in those
elements that influence the characteristic that has become more important for users. The
information of users’ ranking of weight for service characteristics allows designers to link the
state of the selection environment to a research agenda. When the new ranking of weights is
effectively communicated to designers, designers can change their search agenda and start
mutating other elements that are known to affect the functions that has become more important.
In short, through function space search, individual designers can quickly adapt to changing
preferences. Put another way, variation and selection are connected through communication of
preferences by users. The ranking of weights of functions act as a “focusing device” for designers

                                                       
15 This is a simple function sometimes applied in multi-criteria analysis of project selection. Various
alternative functions exist to choose among variants that are evaluated on multiple criteria (Nijkamp et al.
1990). An alternative specification of the total fitness function includes the possibility that the total fitness
derived from the fitness level of a function is increasing, but decreasingly so, reflecting saturation (Saviotti
1998). As the model is elaborated here only as a conceptual framework, alternative functions are not
discussed here.
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as they can concentrate search efforts on those elements that are known to affect the more
important functions (Rosenberg 1969).

A formalised model of function space, which is presented below, goes beyond the biological
metaphor of hill-climbing in models of technological evolution. Hill-climbing in design space is
based on random mutations that occur independently of the state of the selection environment or
changes herein. However, as argued by many students of technology studies in different ways
(Rosenberg 1969; Pinch and Bijker 1984; Clark 1985; Van den Belt and Rip 1987; Henderson
1995), variation and selection in technological evolution cannot be considered as operating
independently.16 Actors involved in producing new variations can be guided by the expressions of
users’ preferences. Therefore, users can induce innovations directed at the improved of particular
service characteristics.

Function space search requires information on the matrix of the system’s architecture (which
elements affect which functions), and on the selection environment (how do users weight the
different functions of a technology). To identify the matrix of relations between elements and
functions that make up the system’s architecture, designers first need to experiment with a
number of different designs to find out the precise relations between elements and functions as
contained in a product’s architecture. In the model, this can be formally expressed by mutating
each element one by one and evaluating for each mutation in one element which functions are
affected. This procedure would require only N mutations. A second type of information that is
required for function space search concerns the values of the weights to know the ranking of
service characteristics functions that users apply. This information can be collected, at least by
approximation, by various means of communication with users (surveys, visits, prototype tests,
etc.). Once both types of information are collected, function space search is possible.

The algorithm of function space involves a sequential optimisation of the various functions by
means of trial-and-error within the subset of elements that affect each function. Search starts in
the subset of elements that affect the most important function, then search continues in proceeds
in the subset of elements that affect the second most important function, etc. Once the most
important function is optimised, the second most important function is optimised given the alleles
of elements affecting the first most important function, then the third most important function is
optimised given the alleles of elements affecting the first and second most important functions
etc.

In the example of a system containing three elements and two functions, two sequences in
function space are possible:

- optimising the first function and hereafter optimising the second function given the alleles of
the first and second elements which have been found optimal with regard to the first function.

- optimising the second function and hereafter optimising the first function given the alleles of
the second and third elements which have been found optimal with regard to the second
function.

                                                       
16 Nelson and Winter specified the selection environment as an environment “that takes the flow of
innovations as given”, but they did realise that “there are important 
49).
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Following the fitness landscape in figure 4-4-3, we can now simulate function space search in a
homogeneous selection environment. In the case that the first attribute is weighted higher than the
second attribute (β1>β2), function space search starts with mutations in the first and second
elements since only these elements affect the value w1. Since there are four possible combinations
between alleles of the first and second element, four trials suffice to find the combination 11# that
optimises the value for w1 (where # stands for any allele). Then, given alleles 11# for the first and
second element, two trials are needed to optimise the third element with respect to w2. The
optimal allele for the third element turns out to be allele 0, so search halts at 110. In the case that
the second attribute is weighted higher than the first attribute (β1<β2), search would start in the
second and third element as only these elements affect w2. Since there are four possible
combinations between alleles of the second and third element, four trials suffice to find the
combination #00 that optimises the value for w2. Then, given alleles #00 for the second and third
element, two trials are needed to optimise the first element with respect to w1. The optimal allele
for the first element turns out to be allele 0, so search halts at 000. In this case, different rankings
of weights of attributes leads designers to different design solutions.

When users are homogeneous in their valuation of service characteristics, product variety can
only stem from vertical differentiation. When prices of different product designs are different,
and product designs with higher fitness have higher prices, vertical differentiation can occur. In
particular, vertical differentiation can occur when the input prices of particular alleles are
different. A typical example of price differentiation would be between computers that have the
same alleles for all elements except for type of processor. The product designs incorporating a
faster processor are sold at a higher price.

2.3.2 Heterogeneous selection environment

In the previous section, the weights of F service characteristics {β1, β2, … , βF} reflect one
homogeneous user group. In the case in which demand is heterogeneous, different users have
different valuations of the same technological design, as they weight the levels of service
characteristics differently. As Lancaster expressed it:
 

 “Differences in individual reactions to the same good are seen as
expressing different preferences with respect to the collection of
characteristics possessed by that good and not different perceptions as to
the properties of the good.” (Lancaster 1979: 17)

 
 For a G number of user groups g (g=1,…,G), with group size being one or more individuals, we
have a G number of sets of weights:

 
{β11,…, βF1},{β12,…,βF2}, … ,{β1G,…, βFG} (2.9.1)

 
 For each user group, fitness Wg of a design is derived by the following formula:
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 Obviously, this specification of the selection environment includes the specification given above
for a homogeneous selection environment as the special case in which G=1.
 
 In function space search, different user groups, which are characterised by a different ranking of
service characteristics, lead designers to apply a different sequence in optimisation of functions
for different users. In the example above, priority of the first function over the second leads to
design 110 with w1=0.9 and w2=0.3, while priority of the second function over the first function
leads to design 000 w1=0.8 and w2=0.9. The existence of different user groups is, however, not a
sufficient condition for design variety to exist. It can be the case that one design is superior for all
user groups. Consider two user groups for which holds {β11=0.6, β21 =0.4} and {β12=0.4,
β22=0.6}. In this case, design 000 turns out to be optimal for both user groups as W1 (000) > W1

(110) and W2 (000)  > W2 (110), since:
 

 (0.6 ⋅ 0.8) + (0.4 ⋅ 0.9) > (0.6 ⋅ 0.9) + (0.4 ⋅ 0.3), and
 (0.4 ⋅ 0.8) + (0.6 ⋅ 0.9) > (0.4 ⋅ 0.9) + (0.6 ⋅ 0.3)

 
 In that case, both user groups would opt for the same design 000. When heterogeneity is more
dispersed, it is less likely that one design is optimal for all user groups. In the example, when the
two user groups are characterised by {β11=0.9, β21 =0.1} and {β12=0.1, β22=0.9}, we have:
 

 (0.9 ⋅ 0.8) + (0.1 ⋅ 0.9) < (0.9 ⋅ 0.9) + (0.1 ⋅ 0.3), and
(0.1 ⋅ 0.8) + (0.9 ⋅ 0.9) > (0.1 ⋅ 0.9) + (0.9 ⋅ 0.3)

In that case, horizontal product differentiation in the Hotelling sense can also occur. In the
extreme case, given a sufficiently large design space, a different design may be found for each
user group with different ranking of service characteristics. When a user group exists for which
no design is yet optimised, this in itself can spur innovation in particular elements in search for a
new design that fits their demand.

The generalised NK-model can be implemented in future simulation models. Such a model was
outside the scope of the present paper, but promises an interesting way to extend simulation
exercises to include product differentiation in complex products. Using this model, innovation by
firms can be modelled as adaptive walks on fitness landscapes through mutation in elements.
Moreover, different user groups can be represented by different fitness functions. In such models,
the modelling of innovation need not be restricted to mutation in elements as in biological
models. One can also allow for architectural innovations to take place that change the matrix of
epistical relations between elements and functions. These simulation models can also be made
relevant for product-life cycle debate in which the issue of product standardisation versus product
variety is at the core (see, Saviotti 1996; Windrum and Birchenhall 1998; Frenken et al. 1999b,
2000; Frenken 2000).

                                                       
17 Note that in the case of heterogeneous user groups, some weights can equal zero, while in the case of a
homogeneous user group in formula 2.8.2, all weights are by definition positive. A zero weight in a
homogeneous user population would imply that the feature does not count as a function for anyone.
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In this paper, we use the model as a conceptual model to understand patterns in product
differentiation in data of microcomputers. Product variety stemming from vertical and horizontal
differentiation is analysed using entropy statistics. This is done by looking to what extent
different price segments differentiate between different product designs as described by the
alleles they incorporate. When price groups poorly differentiate between designs, different
designs can be understood as having a rather similar level of functionality but for different user
groups as they pay similar prices for different designs (horizontal differentiation).

3. Empirical analysis of microcomputers

Using data on eight product dimensions of 4444 microcomputers, we analyse the epistatic
relations over a period of six years (1992-1997). The data are taken from WHAT PC?, a leading
British computer magazine on microcomputers in the United Kingdom. The list of N=8
characteristics and their An classes are given in Table 1. All variables are binary variables except
for the type of processor which has twenty-two variants. The total design space thus amounts to
(27) x 22 = 2816 possible PC-designs.

3.1 Dependence between elements

The existence of statistical dependence between particular pairs of alleles implies that the choice
of an allele of one element depends on the choice of an allele in other element as in the NK-
model and its generalised version. For example, the CD-ROM component is expected to be
especially functional when it is coupled to a powerful processor (e.g., Pentium). Thus, it can be
expected that a CD-ROM occurs relatively often in models with a powerful processor, while it is
often absent in PC’s with low-performance processors, since users are only willing to pay for the
CD-ROM component when it is coupled with powerful processors. Entropy statistics provide a
straightforward methodology since it is solely based on relative frequencies in a combinatorial
space (Theil 1972; Frenken et al. 1999b, 2000; Frenken 2000; cf. Langton 1990).

For each pair of two elements, the alleles of the first element are labeled i (i=1,…,A1) and the
alleles of the second element j (j=1,…,A2), etc. Among the eight elements that are distinguished
in the dataset, there exist 1+2+3+4+5+6+7 = 28 pairs of elements (see also Appendix). For each
pair of elements, the relative frequency in the total sample of product designs introduced in the
same year, the relative frequency of an allele of the first element i is pi.  and of an allele of the
second element j is p.j. The relative joint frequency of allele i co-occurring with allele j is pij.

Following Frenken et al. (1999b, 2000), variety in the choice of alleles in each element is
measured by the univariate entropy, which is given by:
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18 For 0 ⋅ log2 0 ≡ 0.
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CPU  (n=1, A1=22)
0 '8086'
1 '8088'
2 ‘8088 + 8086’
3 ‘286’
4 ‘386SX‘,‘386 SL’
5 ‘386 DX’
6 ‘486 SLC(2)’, ‘486 SL(2)’, ‘486 SLE’, ‘486 SL2’, ‘486 SXL’, ‘486‘,‘486 SX(2)’
7 ‘486 DX’, ‘486 DX2’, ‘486 DX4’
8 ‘Intel V25’
9 ‘Thompson DX2’, ‘Thompson DX4‘
10 ‘IBM BL
11 ‘586’
12 ‘PENTIUM’
13 ‘PENTIUMPRO’
14 ‘IBM6x86’
15 ‘ARN’
16 ‘AMD’
17 ‘Nexgen Nx586’
18 ‘Dell Latitude’
19 ‘V30’
20 ‘NEC V20‘
21 ‘Sunspark1‘, ‘Sunspark2‘

Floppy 5,25  (n=2, A1=2)
0 Absent
1 Present

Floppy 3,5  (n=3, A1=2)
0 Absent
1 Present

CD-ROM  (n=4, A1=2)
0 Absent
1 Present

Portable  (n=5, A1=2)
0 No
1 Yes

Colour (n=6, A1=2)
0 No
1 Yes

RS232 port(s)  (n=7, A1=2)
0 Absent
1 Present

Harddisk (n=8, A1=2)
0 Absent
1 Present

Table 1: description of elements and alleles (N=8)
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and the variety in the choice of combinations of alleles of two elements is given by:
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The mutual information between two dimensions measures the dependence between alleles of
two elements, which is given by:
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It has been shown that (Theil 1972):

T(X1 , X2) = H(X1) – H(X2) – H(X1 , X2) (3.4)

This relationship can be visualised as follows:

      T (X1 , X2)

H(X1)

       H(X2)

        H (X1 , X2)
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Mutual information measures the degree in which particular alleles of one element are coupled to
particular alleles in other elements. This reflects the existence of epistatic relations as explained
above in the generalised NK-model. When two elements are epistatically related, the choice of
allele of one element is expected to be statistically dependent on the choice of allele of the other
element, since the two elements jointly affect the functionality of one or more service
characteristics.

1992 - 1997 1992 1993 1994 1995 1996 1997

T (average) T T T T T T

5_6 0,1650 2_3 0,1853 1_5 0,1637 5_6 0,2975 5_6 0,3557 5_6 0,1786 4_5 0,2332
1_5 0,0680 1_8 0,1361 5_6 0,1107 1_5 0,1021 1_5 0,0527 1_4 0,0893 1_6 0,0782
1_8 0,0598 1_3 0,0283 2_5 0,0821 1_6 0,0722 1_6 0,0493 1_6 0,0612 1_4 0,0523
1_6 0,0548 1_2 0,0209 1_8 0,0723 1_8 0,0636 3_5 0,0352 3_8 0,0534 5_6 0,0474
4_5 0,0442 1_6 0,0195 1_3 0,0594 3_8 0,0562 1_8 0,0307 1_5 0,0468 1_5 0,0428
2_3 0,0390 6_8 0,0075 1_6 0,0483 1_3 0,0498 1_3 0,0231 3_6 0,0341 1_8 0,0367
1_3 0,0363 3_8 0,0043 2_3 0,0373 2_5 0,0233 3_6 0,0230 4_5 0,0288 1_3 0,0362
3_8 0,0316 1_7 0,0037 1_2 0,0369 5_7 0,0185 1_4 0,0172 4_6 0,0277 3_8 0,0311
1_4 0,0277 2_8 0,0022 3_8 0,0322 5_8 0,0185 6_8 0,0168 1_3 0,0212 3_6 0,0227
2_5 0,0176 2_7 0,0019 2_4 0,0122 6_7 0,0154 4_8 0,0142 1_8 0,0193 6_8 0,0226
3_6 0,0152 3_7 0,0005 5_8 0,0114 6_8 0,0154 5_8 0,0142 6_8 0,0179 4_6 0,0211
6_8 0,0150 6_7 0,0005 6_8 0,0095 1_2 0,0148 3_8 0,0124 3_5 0,0165 3_5 0,0147
1_2 0,0136 3_6 0,0004 4_6 0,0074 3_5 0,0130 1_2 0,0092 5_8 0,0047 5_8 0,0073
3_5 0,0136 2_6 0,0003 6_7 0,0047 1_7 0,0121 1_7 0,0066 3_7 0,0038 3_4 0,0066
4_6 0,0095 7_8 0,0001 7_8 0,0035 3_6 0,0092 6_7 0,0053 4_8 0,0034 5_7 0,0049
5_8 0,0093 1_4 0,0000 1_7 0,0029 2_3 0,0073 2_3 0,0039 1_7 0,0027 4_8 0,0033
5_7 0,0050 1_5 0,0000 4_5 0,0025 1_4 0,0062 5_7 0,0038 3_4 0,0027 4_7 0,0022
1_7 0,0048 2_4 0,0000 5_7 0,0023 2_6 0,0048 3_7 0,0019 5_7 0,0004 1_7 0,0010
6_7 0,0044 2_5 0,0000 3_5 0,0023 7_8 0,0036 3_4 0,0007 7_8 0,0002 6_7 0,0001
4_8 0,0035 3_4 0,0000 3_6 0,0020 3_7 0,0024 2_4 0,0004 6_7 0,0001 3_7 0,0000
2_4 0,0021 3_5 0,0000 3_7 0,0018 2_7 0,0007 4_6 0,0003 4_7 0,0000 7_8 0,0000
3_7 0,0017 4_5 0,0000 1_4 0,0013 2_8 0,0007 4_7 0,0002 1_2 0,0000 1_2 0,0000
3_4 0,0017 4_6 0,0000 2_7 0,0005 4_5 0,0006 2_6 0,0002 2_3 0,0000 2_3 0,0000
7_8 0,0012 4_7 0,0000 2_6 0,0003 4_6 0,0003 2_7 0,0001 2_4 0,0000 2_4 0,0000
2_6 0,0009 4_8 0,0000 3_4 0,0003 2_4 0,0002 2_8 0,0001 2_5 0,0000 2_5 0,0000
2_7 0,0006 5_6 0,0000 2_8 0,0001 3_4 0,0001 7_8 0,0001 2_6 0,0000 2_6 0,0000
2_8 0,0005 5_7 0,0000 4_8 0,0001 4_7 0,0000 4_5 0,0000 2_7 0,0000 2_7 0,0000
4_7 0,0004 5_8 0,0000 4_7 0,0001 4_8 0,0000 2_5 0,0000 2_8 0,0000 2_8 0,0000

Table 2: results (graphic representation of results is given in the Appendix)

Table 2 list all results on the mutual information between the eight elements, both the average
value for the whole period 1992-1997, and for each year separately. The results have been sorted
from the highest value on top to the lowest value at the bottom of the table. Two things become
immediately clear. First, only a few relations show strong dependency as evidenced by a high T-
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value, while the majority of pairs show little dependency. Thus, the alleles of most elements are
combined in various ways reflecting that for most elements conflicting constraints do not play an
important role. The microcomputer can thus be considered highly modularised. Second, the T-
values differ considerably from year to year. The latter result shows that microcomputer designs
are continuously evolving with old combinations disappearing and new combinations emerging.

We restrict our interpretation of results to the five pairs with highest T-values:

5_6 portable-colour (average T = 0.1650)
1_5 processor-portable (average T = 0.0680)
1_8 processor-harddisk (average T = 0.0598)
1_6 processor-colour (average T = 0.0548)
4_5 CD-ROM-portable (average T = 0.0442)

Since the T-value is a summation of individual dependency values for each pair pij , we can
understand the T-values by looking at which pairs of alleles occurred relatively frequent, i.e.
which pairs have a high value for (pij log2 (pij / pi. · p.j).

19

5_6: Desktop computers more often included a colour screen while portables incorporated more
often a black-and-white screen. It indicates a strong design constraint in these dimensions: the flat
screen incorporated in portable computers was very expensive in colour format, while colour
monitor of desktop computers was relatively cheap.

1_5: The incorporation of high-performance processors in portable computers was rare as the
weight and price increase for more powerful processors. Desktop computers did not face this
design constraint and incorporate more often high performance processors.

1_8: High-performance processors were predominantly used in computers with harddisk, while
computers without harddisk often included low-performance processor types. The reason is that
the functionality of a harddisk is especially high when the processor type is powerful. Vice versa,
the functionality of a powerful processor is especially high when a harddisk is included.

1_6: High-performance processors were predominantly used in computers with colour screen,
while computers without colour screen often included low-performance processor types. The
reason is that the functionality of a colour screen is especially high when the processor type is
powerful as colour-based software requires higher clock speed.

4_5: CD-ROM were first introduced in desktops an only later in portables. Design constraints in
the design of portable computers possibly delayed its introduction as the incorporation of the
CDROM forced designers to alter the architecture of portables while it could be incorporated in
desktops without any problem. Note that CDROM’s also came as add-ons that could be
purchased at extra costs.

3.2 Price and product differentiation

In the previous analysis, we have been able to indicate among which elements in the PC-system
dependence has been most strong. We use these five pairs of elements in our further analysis on
horizontal and vertical differentiation.

                                                       
19 See also Frenken (2000) on the interpretation of T-values.
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In figure 2-5, the distribution of sales prices are plotted for each year of all 4444 observations.
The shapes suggest that price distributions have not changed much over the period 1992-1997
considered here (though, of course, the quality of PC’s have increased enormously over this
period). We therefore classify the data in the same price segments for each year.

  1992         1993       1994   1995           1996    1997

Figure 2-5: Prices (in £) for 4444 PC-models introduced during the period 1992-1997

The price of each observation is classified in one out of five price segments b (b=1,…,B). The
five segments are chosen such that each segment covers about the same number of observations.
The segments are in £: (0-799), (800-1149), (1150-1499), (1500-1999), and (2000 and higher).

The entropy of designs in each price segment b is given by:
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The average entropy of technologies within segments weighted for their relative share, is called
the weighted entropy HB and is given by (Theil 1972):

{ } ),( ),(
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bbB XXHpXXH (4.4)

in bits where pb stands for the relative frequency of product designs in segment b with a total
number of B segments. The formula indicates to what extent each price segment is differentiating
between different product designs. The two extreme cases are the following:

(i) Each segment contains only one type of design. In that case, Hb would equal zero for all b
segments, and HB would equal zero too. This would indicate that price differences fully
reflect functional differences between designs, which would be the case when quality is
evaluated in the same way by each consumer but that different consumers prefer different
qualities due to budget constraints (vertical differentiation).

(ii) The other extreme case concerns the case in which each price segment contains as much
variety in product design as the whole population of designs. In that case, HB would equal
H, indicating that price to no extent differentiate between different designs. In that case,
heterogeneous user groups pay the same prices for very different designs (horizontal
differentiation).

It has been proven that this weighted sum of the segments’ entropy values cannot exceed the
bivariate entropy of two elements (Theil 1972). The division of HB by H thus gives us a
percentage that indicates to what extent variation in product design is related to horizontal
differentiation.

We can now relate the existence of dependence between the choice of elements as indicated by a
high T-value with the degree of dependence between the choice of alleles of pairs of elements.
When high T-values for a pair of elements is observed with high values for HB / H and low T-
values with low values for HB / H, then higher dependence leads to horizontal differentiation. The
choice of a particular combination between two alleles then translates into different mixes of
functions with similar price each preferred by different user groups. The reverse result, when high
T-values co-occur with low values for HB / H and low T-values co-occur with high values for HB /
H, indicates vertical differentiation between product designs. In that case, different combinations
of alleles are observed relatively often in different price segments.

For the five selected pairs of elements with highest average T-value, we plotted the value for HB /
H in figure 2-6-1, 2-6-2, 2-6-3, 2-6-4, and 2-6-5 The results are mixed. The 5_6 portable-colour
pair and the 1_5 processor-portable pair show a (weak) positive relation with HB / H. For these
three combinations, horizontal differentiation is indicated as stronger dependence tends to be
observed for higher values for HB / H. 1_8 processor_harddisk pair and 1_6 processor-colour pair
show no clear relationship. Finally, the 4_5 CDROM-portable shows a negative relation between
mutual information and HB / H. This result indicates that the differentiation as indicated by the T-
value between desktops with CD-ROM and portables without CD-ROM cannot be considered as
evidence of horizontal product differentiation. The two combinations are generally differently
priced. Examination of the data shows the desktops with CD-ROM have been sold mainly in the
segments below 2000 pounds, while portables without CD-ROM mainly in the highest segment
of 2000 pounds and more
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Figure 2-6-1: Plot T-value and HB / H for element 4: “portable” and 5: “colour”
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Figure 2-6-2: Plot T-value and HB / H for element 1: “processor” and 5: “portable”
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Figure 2-6-3: Plot T-value and HB / H for element 1: “processor” and 8: “
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Figure 2-6-4: Plot T-value and HB / H for element 1: “processor” and 6: “colour”
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Figure 2-6-4: Plot T-value and HB / H for element 4: “CD-ROM” and 5: “portable”
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We conclude the following from these results. Horizontal differentiation is indicated for three
pairs of elements in microcomputers. The user groups that come out of these results are:

- Regarding pair 5_6: users of portables with black-and-white screen and desktop users with
colour screen

- Regarding 1_5: users of portables with low-performance processors and desktop users with
high-performance processor

The combined results suggests that the global pattern of horizontal differentiation concerns
portables with predominantly black-and-white screens and low-performance processors and
desktops with colour screen and high-performance processors. This combined result can be
readily verified by calculating the three-dimensional dependence values T (X1, X2, X3) and the
three-dimensional entropy values at the level of the sample as a whole H (X1, X2, X3) and the
average entropy at the level of each price segment HB (X1, X2, X3).

4. A note on systems containing independently offered products

The case of microcomputers is the most common case of complex products that are offered as a
package containing different alleles of elements. Likewise, several other products can be studied
like transport vehicles, televisions, military equipment etc. However, there are products that are
part of a system but which are independently offered by producers. For example, a CD-player can
be purchased independently from other hifi equipment as interfaces between the different parts of
the system are standardised.20 Similarly, the market of software contains increasingly product
variants that can be combined with other products instead of being offered as a package (like
Windows21).

For these systems, it holds that the consumer herself combines the different alleles within a
system at her will. The design activity is transferred from the producer to the consumer in that the
consumer decides with combinations of alleles to use. The empirical problem that arises from
this, is that data available from consumer (e-)magazines only concern alleles of individual
elements of a larger system. The way consumer combine the different alleles of elements cannot
be derived from this. Data gathering on systems that are combined by consumers require surveys
or interviews.

5. Conclusions

The generalised NK-model provides us with a conceptual model of complex products that takes
into account both epistatic relations between elements affecting service characteristics and the
possibility of heterogeneous user groups that value service characteristics differently. The model
shows how different choices between combinations of alleles of elements translate into different
mixes of service characteristics. Variety in product design can then be understood as stemming
from vertical differentiation when different income groups purchase different, uniformly defined
quality, and from horizontal differentiation when different user groups apply different rankings of
characteristics.

                                                       
20 We originally planned to include an entropy analysis of CD-players before recognising that this product
is best understood as part of hifi-systems, rather than a system in its own.
21 On the Microsoft court case that is precisely about standardisation between system elements, see
Windrum (1999).



34

The generalised NK-model can be implemented in future simulation models. Such a model was
outside the scope of the present paper, but promises an interesting way to extend simulation
exercises to include product differentiation in complex products. These simulation models can
also be made relevant for product-life cycle debate in which the issue of product standardisation
versus product variety is at the core (Saviotti 1996; Windrum and Birchenhall 1998; Frenken et
al. 1999b, 2000).

Using entropy statistics, we analyses data on alleles of elements incorporated in 4444
microcomputers introduced in the period 1992-1997 in the UK. We found that only some
elements show high dependency between the choice of alleles. Further analysis on variety
patterns in different price segments showed in which combinations of alleles horizontal and
vertical product differentiation occurred.

The general nature of the model and methodology allows for empirical analysis of many other
products that can be considered complex systems. However, for complex systems that are
designed by users, data can only come from survey or interviews.
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APPENDIX

Graphic presentation of result on mutual information values
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All 28 relations between the 8 elements considered

Processor type (n=1)

       Harddisk y/n  (n=8)            5,25 diskdrive y/n (n=2)

RS232 port y/n  (n=7)    3,5 diskdrive y/n
(n=3)

     Colour y/n  (n=6)          CD-ROM  y/n (n=4)

         Portable  y/n (n=5)
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2. Average mutual information values in the period 1992 – 1997

Processor type (n=1)

       Harddisk y/n  (n=8)            5,25 diskdrive y/n (n=2)

RS232 port y/n  (n=7)    3,5 diskdrive y/n
(n=3)

     Colour y/n  (n=6)          CD-ROM  y/n (n=4)

         Portable  y/n (n=5)

 =  0.250 < T < 0.100

 =  0.100 < T < 0.175

 =  0.175 < T < 0.250

 =  0.250 < T < 0.325

 =  0.325 < T < 0.400

Page A-2



42

Mutual information values for 1992

Processor type (n=1)

       Harddisk y/n  (n=8)            5,25 diskdrive y/n (n=2)

RS232 port y/n  (n=7)    3,5 diskdrive y/n
(n=3)

     Colour y/n  (n=6)          CD-ROM  y/n (n=4)

         Portable  y/n (n=5)

 =  0.2 < T < 0.8

 =  0.8 < T < 0.14

 =  0.14 < T < 0.20

 =  0.20 < T < 0.26

 =  0.26 < T < 0.32

 =  0.32 < T < 0.38
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Mutual information values for 1993

Processor type (n=1)

       Harddisk y/n  (n=8)            5,25 diskdrive y/n (n=2)

RS232 port y/n  (n=7)    3,5 diskdrive y/n
(n=3)

     Colour y/n  (n=6)          CD-ROM  y/n (n=4)

         Portable  y/n (n=5)

 =  0.2 < T < 0.8

 =  0.8 < T < 0.14

 =  0.14 < T < 0.20

 =  0.20 < T < 0.26

 =  0.26 < T < 0.32

 =  0.32 < T < 0.38
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Mutual information values for 1994

Processor type (n=1)

       Harddisk y/n  (n=8)            5,25 diskdrive y/n (n=2)

RS232 port y/n  (n=7)    3,5 diskdrive y/n
(n=3)

<      Colour y/n  (n=6)          CD-ROM  y/n (n=4)

         Portable  y/n (n=5)

 =  0.2 < T < 0.8

 =  0.8 < T < 0.14

 =  0.14 < T < 0.20

 =  0.20 < T < 0.26

 =  0.26 < T < 0.32

 =  0.32 < T < 0.38
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Mutual information values for 1995

Processor type (n=1)

       Harddisk y/n  (n=8)            5,25 diskdrive y/n (n=2)

RS232 port y/n  (n=7)    3,5 diskdrive y/n
(n=3)

     Colour y/n  (n=6)          CD-ROM  y/n (n=4)

         Portable  y/n (n=5)

 =  0.2 < T < 0.8

 =  0.8 < T < 0.14

 =  0.14 < T < 0.20

 =  0.20 < T < 0.26

 =  0.26 < T < 0.32

 =  0.32 < T < 0.38
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Mutual information values for 1996

Processor type (n=1)

       Harddisk y/n  (n=8)            5,25 diskdrive y/n (n=2)

RS232 port y/n  (n=7)    3,5 diskdrive y/n
(n=3)

     Colour y/n  (n=6)          CD-ROM  y/n (n=4)

         Portable  y/n (n=5)

 =  0.2 < T < 0.8

 =  0.8 < T < 0.14

 =  0.14 < T < 0.20

 =  0.20 < T < 0.26

 =  0.26 < T < 0.32

 =  0.32 < T < 0.38
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Mutual information values for 1997

Processor type (n=1)

       Harddisk y/n  (n=8)            5,25 diskdrive y/n (n=2)

RS232 port y/n  (n=7)    3,5 diskdrive y/n
(n=3)

     Colour y/n  (n=6)          CD-ROM  y/n (n=4)

         Portable  y/n (n=5)

 =  0.2 < T < 0.8

 =  0.8 < T < 0.14

 =  0.14 < T < 0.20

 =  0.20 < T < 0.26

 =  0.26 < T < 0.32

 =  0.32 < T < 0.38
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